Abstract: Let p ≡ 1 (mod 3) be a prime and denote by ζ 3 a primitive third root of unity. Recently, Lemmermeyer presented a conjecture about 3-class groups of pure cubic fields L = Q( 3 √ p) and of their normal closures k = Q( 3 √ p, ζ 3 ). The purpose of this paper is to prove Lemmermeyer's conjecture.
Introduction
Let L = Q( conjecture gives a necessary and sufficient condition for the 3-class group C k,3 to be isomorphic to either Z/3Z or Z/3Z × Z/3Z, and thus specifies the rank of C k,3 as follows:
Conjecture 1.1. Let L = Q( 3 √ p) be a pure cubic field, where p is a prime number such that p ≡ 1 (mod 3), and k = Q( 3 √ p, ζ 3 ) be its normal closure. Let C L,3 (resp. C k,3 ) be the 3-component of the class group of L (resp. k). Then:
1) C L,3 is a cyclic 3-group, and if it contains a cyclic subgroup of order 9, then p ≡ 1 (mod 9).
2) If p ≡ 4, 7 (mod 9), then:
3) If p ≡ 1 (mod 9), then rank C k,3 ∈ {1, 2}, independently of the value of is the cubic residue symbol.
In fact, Conjecture 1.1 for p ≡ 4, 7 (mod 9) was first expressed in 1970 by Barrucand and Cohn [5, § 8, p. 19] , partially proved in 1976 by Barrucand Based on results concerning the 3-class group C k,3 in § 2.1, we shall prove Conjecture 1.1 in § 2.2. It will be underpinned by numerical examples obtained with the Computational Number Theory System PARI [23] in § 3.1. Throughout this paper, we will use the following notations:
• p is a prime number such that p ≡ 1 (mod 3);
is a pure cubic field, where d > 1 is a cube-free positive integer;
• k 0 = Q(ζ 3 ), where ζ 3 = e 2iπ/3 denotes a primitive third root of unity;
• k = Q(
is the normal closure of L;
• τ = Gal(k/L) such that τ 2 = id, τ (ζ 3 ) = ζ • σ = Gal(k/k 0 ) such that σ 3 = id, σ(ζ 3 ) = ζ 3 , σ( • λ = 1 − ζ 3 and π are prime elements of k 0 ;
• q * = 1 or 0 according to whether ζ 3 is or is not norm of an element of k \ {0};
• u denotes the index of the subgroup E 0 generated by the units of intermediate fields of the extension k/Q in the group of units of k;
• N k/k0 denotes the norm of k on k 0 ;
• t denotes the number of prime ideals ramified in k/k 0 ;
is the cubic residue symbol such that
, where c ∈ Z, and p is a prime number such that p c and p ≡ 1 (mod 3);
• For an algebraic number field F : 
Preliminary results
Let d > 1 be a cubefree integer, and let L = Q( 3 √ d) be the pure cubic field with radicand d. We denote by ζ 3 = (−1 + i √ 3)/2 a primitive cube root of unity. By k 0 we denote the third cyclotomic field Q(ζ 3 ), by k = Q(
) the normal closure of the pure cubic field L, and by C k,3 the 3-component of the class group of k. Further, let τ = Gal (k/L) and σ = Gal (k/k 0 ). 
Define the 3-group C
3 . Consequently, we have the following equation for the rank of the group C k,3 :
).
(
The fact that, for each i ∈ N, C
is a Z 3 [ τ ]-module implies that:
So, for each i ∈ N, we consider the homomorphism ϕ i as follows:
where A ∈ C
is an elementary abelian 3-group for each i ∈ N, it can be viewed as vector space over Z 3 . Thus ϕ i is a surjective vector space homomorphism.
Let B ∈ C
, then:
) + , and
Thus for each i, the homomorphism ϕ i maps (C
+ . Put q * = 0 or 1 according to whether ζ 3 is not or is norm of an element of k\{0}. Let t be the number of primes ramified in k/k 0 and C 
If we denote by C k0,3 the Sylow 3-subgroup of the ideal class group of k 0 , then C k0,3 = {1}, and by the exact sequence :
The fact that C 
Next, we define the important index of subfield units for the normal closure of pure cubic fields as follows: To prove Conjecture 1.1, we must employ the following Lemmas:
be a pure cubic field, where d > 1 is a cubefree natural number, and k = Q(
) be the 3-component of the class group of L (resp. k), h L the class number of L, and u the index of subfield units, defined as above. Then: 
We deduce that u = 3 and |C L,3 | = 3, since the other value for u, namely 1, is not possible because otherwise 27 would be a square. Conversely, if 3 divides h L exactly and u = 3, then 3 2 divides the class number h k of k exactly and |C k,3 | = 9. By [11, § 2, Lemma 2.2, p. 53], the group C + k,3 is cyclic of order 3. On the other hand, by [ 
is also a cyclic group of order 3. As C k,3 is the direct product of two cyclic subgroups of order 3, then C k,3 Z/3Z × Z/3Z. 2) We have the same proof as above.
, with π 1 and π 2 are two primes of k 0 such that
where
is the cubic residue symbol.
Proof. Let p be a prime number such that p ≡ 1 (mod 3). Then according to [17, § 9 , Section 1, prop. 9.1.4, p.110] there is two primes π 1 and
are solvable in O k0 , and we have X ≡ Z(mod π 1 ) and
Lemma 2.3. Let p be a prime number such that p ≡ 1 (mod 3). If
Proof. Let p be a prime number such that p ≡ 1 (mod 3). Let us assume
Since p ≡ 1 (mod 3), then according to [17, § 9 we obtain π 1 = a + bζ 3 and π 2 = a + bζ 2 3 , with a = 3m + 1 and b = 3n, where (n, m) ∈ N 2 . Then:
According to [19 
be the ambiguous ideal class group of k/k 0 , where σ is a generator of
, then according to [17, § 9 , Section 1, prop. 9.1.4, p.110] we have p = π 1 π 2 , where π 1 and π 2 are two primes of k 0 such that π 2 = π τ 1 and π 1 ≡ π 2 ≡ 1 (mod 3O k0 ). We study all cases depending on the congruence class of p modulo 9, then:
• If p ≡ 4 or 7 (mod 9), then according to [9, § 4, pp. 51-55], the prime 3 is ramified in the field L, so the prime ideal (1 − ζ 3 ) is ramified in k/k 0 . Also π 1 and π 2 are totally ramified in k. So t = 3. As p ≡ 4 or 7 (mod 9), then
, and according to [10, § 5, pp. 91-92] we obtain ζ 3 , p p
where the symbol ( , ) 3 is the cubic Hilbert symbol. We deduce that ζ 3 is not a norm in the extension k/k 0 , so q * = 0. By Equation (2) we get |C
• If p ≡ 1 (mod 9), then the prime ideals which ramify in k/k 0 are (π 1 ) and (π 2 ), so t = 2.
Moreover,
. Thus, according to [10, § 5, pp. 91-92] , the cubic Hilbert symbol is:
We conclude that ζ 3 is a norm in the extension k/k 0 , that is, q * = 1, so according to Equation
Next, we specify the rank of C k,3 as follows:
, where p is a prime number such that p ≡ 1 (mod 3). Let s be the non-null positive integer such that C
, where C
Proof. We have p ≡ 1 (mod 3), then by Lemma 2.4, |C
where s is the positive integer defined above, and we have
According to Equation (1), it is easy to see that
Next, let k
be the maximal abelian unramified 3-extension of k. So k
3 /k 0 is Galois, and according to class field theory we have
We denote by (k/k 0 ) * the maximal abelian extension of k 0 contained in k 
The fact that k/k 0 is abelian and that k ⊆ (k/k 0 ) * implies that Gal k 
* is an unramified cyclic cubic extension of k of degree 3 which is an abelian extension of k 0 . Since p ≡ 1 (mod 3), then according to [17, § 9 , Section 1, prop. 9.1.4, p.110] we have p = π 1 π 2 , where π 1 and π 2 are two primes in k 0 such that π 2 = π τ 1 . Let ζ p be a primitive pth root of unity. If we denote by k p the unique sub-field of Q(ζ p ) of degree 3 in which only p ramifies, then
. From the congruence:
we conclude by Kummer theory and according to [11, Proposition 2.4, p. 54] that:
However, by the observations on the surjective maps ϕ i above, for each integer i such that 0 ≤ i ≤ s − 1 we have:
We conclude that:
Since rank C k,3 ∈ {1, 2}, then C 
, where p is a prime number such that p ≡ 1 (mod 3). Let
k,3 = {A ∈ C k,3 / A σ = A} be the ambiguous ideal class group of k/k 0 , and u be the index of subfield units defined as above. 
, where p is a prime number such that p ≡ 1 (mod 3), and k = Q( 3 √ p, ζ 3 ). The prime p decomposes in the field k as P 3 Q 3 , where P and Q are two prime ideals of k, and Q is the conjugate of P. Let u and s be the integers defined as above. Then the following statements are equivalent:
2) s is even;
3) P is not principal.
Proof. Let C we have
is a square, so the integer s is even. 3O k0 ) . Furthermore, π 1 and π 2 are ramified in k/k 0 , so there exist two prime ideals P and Q of k such that π 1 O k = P 3 and π 2 O k = Q 3 . Then pO k = P 3 Q 3 . Next, let s be even, where s is the non-null positive integer defined in Lemma 2.5. We shall prove that the prime ideal P is not principal. Assume that P is principal. The fact that p ≡ 1 (mod 3) implies that |C (σ) k,3 | = 3 according to Lemma 2.4. We study all cases in dependence on the congruence class of p modulo 9:
-If p ≡ 1 (mod 9), then 3 is decomposes in L by [9, § 4, pp. 51-55] . The prime ideals which ramify in k/k 0 are (π 1 ) and (π 2 ). Since P is principal, the prime ideal Q is also principal. Thus a generator of C By Lemma 2.6 we see that the integer s is odd. This contradicts the fact that s is even. Thus P is not principal.
-If p ≡ 4 or 7 ( mod 9), then 3 is ramified in L by [9, § 4, pp. 51-55], so the prime ideals which ramify in k/k 0 are (1 − ζ 3 ), (π 1 ) and (π 2 ). Let I be the unique prime ideal above
is generated by the ideal classes of the primes ramified in k/k 0 . * If I is not principal, then the ideal class [I] of I generates the group C (σ) k, 3 and it is not contained in C 1−σ k, 3 . We see that s = 1 which contradicts the fact that s is even. * If I is principal, and since P and Q are also principal, then C (σ) k,3 will be reduced to {1}, which contradict the fact that |C
Hence, the prime ideal P is not principal.
3) ⇒ 1) : We note that PQ = ( 3 √ p) is a principal ideal. Assume that P is not principal, then the prime ideal Q = P τ is also not principal. Then PQ 2 is also not principal and the ideal class of PQ 2 generates the group C (σ) k, 3 . In addition, we have PQ 2 τ = QP 2 which implies that
k,3 | = 3, and
, we obtain:
We see that the integer s is even, so the class number h k,3 is a square. Hence u = 3.
, where p is a prime number such that p ≡ 4 or 7 (mod 9). Let u be the index of subfield units defined as above. Then: 
Final Proof of Conjecture 1.1
Let L = Q( 3 √ p) be a pure cubic field, where p is a prime number such that p ≡ 1(mod 3), and let
1) It is clear that C L,3 is a cyclic group when s = 1. Assume that s ≥ 2. From the proof of Lemma 2.5, C + k,3 and C − k,3 are two non-trivial groups, and according to Lemma 2.5 we deduce that C + k,3 is a cyclic group, because otherwise the rank of C k,3 will be greater than or equal to 3. According to [11, § 2, Lemma 2.2, p. 53], we conclude that C L,3 is a cyclic group. Now, let us show that p ≡ 1(mod 9) when C L,3 contains a cyclic subgroup of order 9. This equivalent to the statement that if p ≡ 4 or 7(mod 9) then the class number of L is divisible exactly by 3. Assume that p ≡ 4 or 7(mod 9) and 9 divides the class number of L, then Since −1 is a norm in k 0 ( 3 √ π 1 )/k 0 and a norm in k 0 ( 3 √ π 2 )/k 0 , then
Hence
The fields k 0 (
we have Gal (F 1 /k 0 ) and Gal (F 2 /k 0 ) are cyclic of order 3, and Gal (F/k 0 ) is abelian. Since π 1 is not ramified in F 1 and F 2 , then π 1 is also not ramified in F . We will calculate the Artin symbol F/k 0 π 1 .
On the one hand:
On the other hand, since k 0 (
, we get:
We see that ζ 2 3 λ π 1 3 = 1, and since ζ 3 λ π 1 3 = 1, we conclude that
However, since π 2 is not ramified in F 1 and F 2 , then π 2 is also not ramified in F . As above, we calculate the Artin symbol F/k 0 π 2 , we obtain ζ 2 3 λ π 2 3 = 1, and since ζ 3 λ π 2 3 = 1, we get
From the cubic symbols (4) and (5) we conclude according to Lemma 2.2 that ζ 3 p 3 = 1, so by Lemma 2.3 we obtain p ≡ 1 (mod 9) which contradicts the hypothesis that p ≡ 4 or 7 (mod 9). Hence, if p ≡ 4 or 7(mod 9) then the class number of L is divisible exactly by 3.
2) Let p be a prime number such that p ≡ 4 or 7(mod 9).
• If we deduce that C k,3 Z/3Z.
• If 3) According to Lemma 2.5, we get rank C k,3 ∈ {1, 2}. On the one hand, for the prime numbers p = 271 and p = 307, we have
= 1 and p ≡ 1(mod 9), moreover for p = 271, rank C k,3 = 2 and for p = 307, rank C k,3 = 1.
On the other hand, the primes p = 379 and p = 487 satisfy 3 p 3 = 1 and p ≡ 1( mod 9), moreover for p = 379, rank C k,3 = 1 and for p = 487, rank C k,3 = 2.
This shows that, if p ≡ 1(mod 9), then rank C k,3 ∈ {1, 2}, independently of the value of
From Lemmas 2.7 and 2.8, we propose the following Corollary and Proposition:
, where p is a prime number such that p ≡ 4 or 7 (mod 9).
Let u be the index of subfield units defined as above. Then:
Appendix
3.1 Illustrations of Conjecture 1.1
Let p ≡ 1 (mod 3) be a prime, L = Q( 3 √ p), and k = Q( 3 √ p, ζ 3 ). Let u be the index of subfield units defined as above, C L,3 (resp. C k,3 ) be the 3-class group of L (resp. k). Moroever, in Section 17 of [4, Numerical Data, p. 238], and also in the tables of [7] which give the class number of a pure cubic field, the prime numbers p = 61, 67, 103, and 151, which are all congruous to 4 or 7 (mod 9), verify the following properties:
i) 3 is a residue cubic modulo p;
ii) 3 divide exactly the class number of L;
iii) u = 3;
iv) C L,3 Z/3Z, and C k,3 Z/3Z × Z/3Z.
Illustrations of Proposition 2.1 and Corollary 2.0.1
Let L = Q( 3 √ p), and k = Q( 3 √ p, ζ 3 ), where p is a prime such that p ≡ 4 or 7 (mod 9). We put
0 , 3O k = I 6 , and pO k = P 3 Q 3 . 
